
 

1 1 Connected spaces Dfn 1.21 constantpath x I X d t x

Dfn1.1 i a topological space x is connected if it cannot Dfn 1.22 reverse ofpath x I x t all t

be written as a disjoint union ofopensubsets X AUB
Iiit Xis disconnected if X is notconnected Dfn 1.23 concatenation of paths d p I x

with XD pco x

RemX is connected theonlyclopen subsetsof x are andX acze o e te zd p I X t put y k e tei
1hm1.3 IR with Euclidean topology is connected

Prop1.24 path relation is an equivalence relationon X
1hm1.4 f X Y continuous X connected thenHx connected

Dfn 1.25 lil pathcomponents ofX are the equivalence
or i 5 connectedness is a topological invariant classes ofthepath relation

ex ycY y x

propi6 A connected and AEBEA then B is connected Hit setof path components Ito X XIn
Thefunction X To X a Ex is surjective

Cor 1.7 Everynonempty interval JEIR is connected
WARNING bijection aok Holy XEY

1 2 Pathsand Path Components To X
Rem a cont f X Y induces a function

Dfn1.8 A path in atopological space x is a cont f Ito X To Y ex fix

map I coD X Its initialpoint is do EX and
its terminalpoint is all CX x covariant gof g of

mmno MI
EX 1.28 X pathconnected ToCX trivial

Ex1.9 XEIR is convex if Vxo.scEx
Exosci i thro tx ostei C X

Dfn t.io X is path connected if Vxo.sc EX 3
a path x I X with do no to all Xi

1hm1.12 path connected connected

1hm 1.14 n 2 IRN 112

Thin1.16 anyconnected opensubset AEIR isconnected

1hm1.17 f X Y cont X path connected Then fX
is path connected

Cor 1.18 path connectedness is atopological invariant

Prop1.19 Forany equivalence relationon a path
connected space Y Xlr isalsopathconnected

Dfn 1.20 path relation htx y CX
Ney I path x I X s t No x au y



2 Homotopy Theory Rem twofinite spaces with discrete topology are
hornequiv iff theyhave the same ofelements

Dfn 2.1 Homotopy betweenmaps f g X Y is amap
h Xx I y such that Dfn2.14 i retraction ofX onto subspace YEX is
hlx.co flat hix D 944 a map r X Y s t rly y v y eY

we saythen that f and g are homotopic denoted 4 is called a retract ofX
h f I g X Y Iii deformation retraction of X ontoY is a map

h xx I X s t
Y Space of maps x Y ha o EY hixD x Vxex

hly o y t ycY
Rem lil t te I I map ht X Y xishcx.tl Y is called a deformation retract ofX
Iii Y x ex a path fix gcse ha ICH hcx.tl

EX 2.17 X t 0 trivialtopology I 90X's
Prop2.3 homotopy defines an equivalence relationony Then anyfunction Y X is continuous Then

for no ex ol is a deformation retract via
constant homotopy h f If X Y x t fix

no t o
reverse homotopy h fag X Y then h XXI x x t t n oe te

h ga f X y c tl him i t
concatenation hi f If X Y hz fief's X Y Dfn2.18 XEIR is starshaped at xex if Vyell
then h hz X x I Y Exy l the ty oc tell Elin n

x t hit t OE te z is contained in X

hzla it 1 k e te
Rem convex if star shaped at all points

Prop2.4 f g X Y YER convex then fag via
h Xx I y ix t l t x tga Prop2.20 XEIR star shapedat xoex thenExo EX is

a deformation retract via
Dfn 2.6 X4 are homotopy equivalent it maps h Xx I X x t is not the xo
f X Y g Y x and homotopies

h gf e Ix X x K fg I 1 y Y Y Dfn 2.22 cone on X t 0 is the quotientspace
we say f and g are inverse homotopy equivalence obtained from XXI by collapsing Xx o to a point

Rem homotopy equivalenceofspaces is anequiv relation CX xxEoH x o r y o

X Xx it c CX is called the cone base
Dfn2.7 X contractible homotopy equivalent to apoint C

cx
Rem f g X Y Y contractible f I g xxers

Prop 2.11 Homeomorphic spaces are homotopy equivalent path x I Cx t en st aco c xD exit

Rem compactness is ignoredby homotopy equivalence Prop 2.23 i c CCX is a deformationretract ofCX
eg noncompact Dmso s so CX is contractible

ii f X Y isnom to a constantmap g X Y aHyo
Prop 2.12 f X Y hornequiv induces bijection iff I F Cx Y sit FcaD fix Fcao yo

f ToCx To Y ex Cfa
Prop2.25 extend non X to a relation R on CX by

Rem X path connected Ynot then XXY x Rly t as Cy.tl or s t o or set andany
Ex2.13 X 903 Y 90,13 withdiscretetopology Then XIR is a deformretract of 4 4 1431 13

and Y is hornequiv to Xlr



3 Some Quotient spaces of I'and 212 3.3 Mobius Band
a xis

I Ix I x y EIR to Exel and beye M I4n x o r l xn

ixo212 x g EIR l x o or x l or y o or y i
Containscircle as def ret s M Cy C'his
Contains asdefret M 0 21 7 Ml 12,42I I2
punctured M I 8

Let X 212
Rem p CX IZ 3.4 The Torus

x y t yw I e I E Hwy cany
is a homeomorphism Plc I It S XS I'In no xn can in

A I
plany I x y oy all y

ixo

31 The Figure 8 21 I 8

one point union for noCX yoEY define 3.5 The Klein Bottle
Xvy XUY r Koryo can

K Ih x o r ai co y
8 sv's coy n 1,1 y a i y

ixo

x o r ai 8 deformation retract
I I Ii o y r i y

3 6 Projective plane aana
coyA Y

1131132 1 x o r l x i a i y

y Cao Can e in Its coy y
o

Coy E y e i'in 2ndsi
214 Z S

Renn

8 I

03.2The cylinder
xn

cylinder Ixs Ik
no xn

mo

s isdeform ret of Ixs

punctured cylinder I 8



4 Cutting and Pasting Paths

Dfn 4 l f g A X maps BEA asubspace sit
fcb g b EX beB

Then a homotopy rel B is a homotopy hfzg A x
such that hcb.tl fcb g b CX

Idea homotopy remains constant on B

Ex 4.2 homotopy rel 90,13 oftwopaths to a x

with thesameendpointsdoco x o Noll a.ci is a
collectionof paths ht I X otter withsameendpoints

ht o nolo x lol he i doll dict

st Ho Lo hi di and f IxI x Cst his iscont

Dfn 4.3 concatenation ofpaths at a c oil Take
x p I x s t all pcoEX

a p I x self IIi a

doPlo aco no pla au plot a spa pcl

Prop 4.5 rel90,13 homotopy class of doors I x is
independent of a

Dfn 4.6 t prop4.7 canextend concatenation tofinitely
many paths now a is a partitionof I and concatenated

path is independentof a

Ex 4.8 d B r I x au p o pci rio o acne1

NS 0Esea
s apar I xist Blu a IHE

Rem x 2 Sts 425 oese k
aus l E Sel

i s H2s oc.se42
olds 1 42Ese

so do a 1 via homotopy aco au no

h sit Hast OL.SE

kxCztCs
lDYzEsEihlso dCo
xohCsi1ly a



5 The Fundamental Group Ti X Dfn 5.7 Xiao is simply connected if X ispath
connected and it Xiao I

Dfn5.1 i A basedspace X xo is aspace w adisting
base point x EX eg S path connected butnotsimply connected
Iii A basedmap f xno Yoyo is a map f X Y contractible space is simply connected

Cge g f
such that flao yo 1
iii A based homotopy h f g Xiao Yoyo is a prop5.9 i map f X Y induces covariantgrouphomo
homotopy hit Ig X Y such that hcxo.tl yo f it Xiao ITCY tho ex eflab

Prop52Basedhomotforms equiv ret on all basedmaps
Dfn 5lo xxo f X Y is a homotopy equivalence

Dfn5.3 basedloop is basedmap w s 1 Xiao re Exo if I g Y X sit glfh.co no a homotopyrel xo
where I no Es n gte x X x hlxo.tlsoo and a homotopy rel findus

K fg I y y y kcfcxol.tl tho
was

Equivalently

Since I only 5 et costate sin zit Prop 5.11 f fz X Y then f G
basedloop closed path a I x aco au xo ii f X Y a homoequiv rel no then fix aniso
act w covert sin zit x I mi s w with inverse 41 g

Rem x p I x are homotopic iff NI PCI are in Ex5.12 def retract x z gives a horn equiv rel Z
the samepath component ofX inclusion i 2 Xhorn equiv rel to V toEZ

iso i T zito it x to

Dfn 5.4 Fundamental group it Xoxo at a base

point noCX is thesetof rel 0,13homotopyclasses prop 5.13 i path r I X determines an iso ofgroups
a ofclosed paths a I X sit alot all no y it X rio IT XHD ex C r a r

multiplication ca EP carp Coop with inverse CV l H
inverses a i C d ii r depends only on rel90,13homotopyclassof r
identity exo constantpath ili v V ok then r vz Vi

1hm s 5 TCxxo is a group Ex 5.14 closedpath r I x rio H1 noEX

determines conjugation automorphism

Rem 5.6 V MIXxo ITCxco Ca C v x r em cager

X Rn s
en RIP S'xs 8 Mma prop 5 is GF X Y H F G XY nocX definepath

r I Y th Hino tt x I 7L I K2 K107L 2 2 7L
From rio Flaco torch Gao so we define aniso

r it 4Elmo ITCY Gao
Rem loops in IR are contractible hls.tl h t Hs Then the induced homomorphisms

F tix no nil'tFino a it Xiao ITCYGao
IT Rpn isgeneratedby squareroot loop are such that G r Fix

coszitt sinzit cositt sinitt o.o

Thin5.6 f X 4 a horn equiv then
ITCsXs genby f i IT X no ITCYflao

x x l and y i y
is an isomorphismof groups for any noCX



6 Classification of compact surfaces 7 IT Sh I n 2

Dfn6 I lit a Hausdorff topological space M is an Lem7.2 X compact metric space Ua an opencover

n dimensional topological manifold if it admits a Then I 8 0 the Lebesguenumber of the cover s t

countable opencover Ualaen eachUn I R VKEX Bcn.SI lies entirelyinsidesomesingle Ux
ii 2b manifold is called a surface

Prop 7 3 i Every map a so.si IR is homotopicrel

Dfn6.3 a surface M is orientable ifthere is no so s to alinear map
subspace N c M which is homeo toMobiusband Cssixes s solacs

p so s Rn St s so

orientable IR S2 s'xs
nonorientable Kleinbottle IRIP with image Pleso.si CdCso1acsi1JC1Rn

x
Rem 6.5 M 2M surface with boundary Mt2M H Ix 1

acs
is a surface e.g D2 s also P s.tl l tacos tpcs

Dfn6.6 gmocN The sphere with g handles HCG ii n 2 anypath 0 I Sh is homotopic rel 0,13 to
or the g holed torus is the orientable surface a path P I Sh which is notonto

1hm 7.4 IT Sh 13 n 2Eoe ego

Hco HCl 1112 Cor7.5 no3 it IR 1903 L

a Ede b
b b on v a

1 aa a b
a

Dfn 6.8 go I GEN The sphere with g crosscaps
Mlg is the nonorientable surface obtained by taking
s and punching out g copies of D and replacing
eachhole with a copy of the Mobius band

1hm 6.9 classification Tnm for compactsurfaces
1 Every connected compact orientable surface M

is homeomorphic to Hcg for some gao
2 Every connected compact nonorientable surface M
is homeomorphic to Mcg for some gal

3 Connected compact surfaces M M are homeomorphic

iff 3 a group isomorphism it M IT M



8 IT si 7L Ex g s xn I s t e int

On I in t we
degreeaw N

s zee 121 1
antipodal map w S s 2 z

Prop 8 l bNEIL let Wu S s z t be themap fi
I
Its

e Ii
deGreeld

winding thecircle around itself N times in theanticlockwise
direction with Wncl I Then the function

Drop 8.7 i r a p Ctoti s GivenOofor aK IT S1 N Wn
3 homotopy 4 O I 0 Cto43 IR suchthat

is a homomorphism of groups WN CWM rls t e es yCto o Oo

Rem p IR s e n r e has thefollowing properties with 0 to't IR saws o
Eto t IR si y si1 Vxc.IR U ix x DER issuchthat p restrictsto a homeo

anglemaps for a p Ns e
O
pls eitidespl i U plus u plus

with plus siteatin
p isonto with y pay p y nInek CIR Ii If alto Mto alt P ti and R p is a

homotopy rel to til then 4 is ahomotopy rel to43
Dfn8.2 Liftof a map a to t s is amap 0 to.tn IR
suchthat act entiottles a po to t s Thin 8.8 T si I 7L via group isomorphisms

7L T.is N war

with Otto OoEIR the initialangle andOct O EIR degree T d 7L w degree w

the terminal angle
Note x P I s closedpaths O 4 theiranglemaps

aIRAngle map 0 0101 0107 0 Then acop I s hasanglemap
commutativediagram

P 012T oc te Izn I IR t
Eto.tl s Out dat 1 Ketel

Also degCal 0111 degp 0117 so that
Prop 8.3 a to til s OocIR s t alto e 09then deg a p degCal degB
3 anglemap 0 to til IR fo x with initial angle
Otto OoEIR Rem 8.11

i two loops are homotopic iff degw degcw

Rem angle maps are unique up toinitialangle ii if a loop w S s extends to a map Sw D s

possible initial angles differby 7L then degw o

Dfn 8.4 i Thedegree of a closed path 0 I s Dfn8.13 The winding number around O WH C74
isthe difference between the terminal and initial of a closedpath x I also aco act
angles in any angle map 0 I coil IR for a

degreecat OCI Oeo Ek is defined to be the degree ofthe loop

wi s s entity actlactil
using Not all to ensure thisis aninteger

thatis WH deg w S s OCI 010 for
ii degree of a loop w S S is any anglemap 0 I IR suchthat

degree w degree a C7L

with 4 the closed path x I s t n wie2 it alt Iact1e Oct eCitgo



9 IR1PM Prop 9.11 a to t RIPh OoCs s t alto _plod
Then 3 lift 0 to til S for withinitialpoint

Dfn 9.1 IR.ph sn n v wc sv t.wesn Otto Oo

p v Ev the naturalprojection p yea n x

1hm 9.12 i Thefunction sign IR1PM KzI
Ex 9.3 IRM a v cao n l x l It 010 Oct

o y r i i y g o OCD

is a surjectivehomomorphism with sign 031 1

Rem 9.2 RIP E S ITCIRIP Tics K ii n 1 sign it 1113113 7L Kz N t f ti N
odd

is a surjection l Neven
Rem 1121pm is compact and connected

Iiii n 2 sign MillRIPn Kz is a group iso
Dfn9.5 homogeneous coordinates no anti EIRIP with inverse o 7h2 IT MIM 1 E 3
projection Sh 1131pm x ex

Dfn9.6 The square rootloop in1121pm
0 s IRlpn 2 cos zit tisincutt

RE Ccostzitt sina.ttI

7Lz E l 113

Prop 9.7 it n I the square rootloop o S IRIP
is a homeomorphism so tillRIP itCs't 7L
Iii The squareof the square root to CIT 1121PMis

o qp
with p S RIP theprojection v Cv and

q RIP Mph Ex az i ca o.o 0

the inclusion
Iii For n 2 072 1 and 3group homomorphism

o 7L it Rpn I co

Dfn 9.8 path connected Ucmphis small if p a Csn
has 2 path components Ut U andtherestrictions
p p Ut U p p1 U U

are homeomorphisms

Dfn9.10 A lift of amap x Cto t RIP is amap
0 Eto t Shsuchthat act pOct EIRIP

Sn
o p

v
to t d 1131pm

If x isclosed polo aco all POCHES sowe define

signd 11 if ocot o.ci
1 if Oco OCD



10 Fixed Points and Nonretraction

Dfn10.1 a fixedpoint of a map f X x is a point
xex suchthat f x x

Brouwer Fixed point Theorem everymap f D2 D2
has a fixedpoint nut

Dfn10.3 i i A x inclusion of AcX The subspace
A is a retract of if 7 amap j X A s t joi A A
is the identity Themap j is a retractionof ontoA

EX10.4 Sn CDn1903is a retract
j Dmso shy
at Inail

Prop10.5 Xpathconnected i A X inclusion of
pathconnectedsubspace A Cx
it if A is a retractofX J X A aretraction then
the induced grouphomos

iiiIT A IT X j it X ITCA

are such that j oi tilA tilth is theidentity
i injective g surjective

ii if IT A 1913and ITCH913then AnotretractofX

Prop to7 If I f D Dnwithoutfixedpoints then
the inclusion i Sh Dn admits a retraction

Thru 10.8 nonretraction for n 1,2
i so CD is not a retract
ii s CD2 is not aretract

Cor10.9 BFPT n 1,21
Every map f D D2hasafixedpoint

Prop 10 11 A map fish Shwithout fixed points
is homotopic to the antipodalmap a xi x

aesta e
homotopy ShxI Sh cx.tl naesa t.cn

Prop 10.3 it a map f S s without fixedpoints
has degree 1
Iii a mapf S s withdegree 11 has a fixedpoint

Rem antipodal map has degree 1



Recall discrete everysubsetisopen

11 Covering spaces Dfn 11.10 p I x a covering projection A liftof amap
Generalidea compute itcxxo for a path connectedspace X fiY X is a map f Y I such that
usingtheuniversal covering projection p x xwith I simply I
connected pathconnectedandt.CI o suchthateach p a c I Plfly Hy f p
isacopyof tix no as adiscrete subspace f v

sothere is a commutative diagram Y X

Dfn 11.1 A covering space of a space X with Ex ii11 p I Fxx x f Y x let ac F and

fibre thediscretespace F is a space I with a define fia y I Fxx y a fly
coveringprojectionmap pix x suchthat foreach
NEX I an open UE X KEU and a homeomorphism 4pathconnected every liftoff is ofthistype

Fx u p u
1hm 11.12 Path lifting property Let p I X bea

suchthat p a u U EU EX In particular for coveringprojection fibre F Let nocX ToCI sitpistol no
each xEX p x is homeomorphic to F i v x I x aco no I lift 2 I I sit aCo Io

ii x p I X No plo no da pDEX Then
Dfn 11.2 Given a covering projection p I X every rel30,13 homotopy hi x p I I has a
let HomeopCI EHomeo I consisting of homeos unique lift toa rel 90,13homotopy
h I I such that ph p I X ht Itp I I

n ui e such that thediagram commutes I X and in particular JCI n ht FCI EI
p pv L

such h are called covering translations X Dfn 11.13 p x X X I X thefibretransportbijection

a p No p NH I I.in
Dfn11.4 A covering projection p I X with fibre where I i I x isthe unique lift of a givenby
Fis trivial if 3 a homeomorphism Fxx I 1hm11.12 with 2 co I
such that pollan a EX

Prop 11.15 every covering projection p I X of a
Ex h S Ediscrete then p I Fxx AM

simply connected space is trivial
is trivial withidentity trivialization

Dfn11.17 p I X X pathconn is universal if I
Ex 11.6Lii If p istrivialand01,02 Fxx I are two is simply conn
trivializations then 7 o X HomeoCF such that

z a x d da Cal x c I 1hm11.19 X pathConn locally path Conn space
iii If p is trivial and is a trivialization a withuniversal p I X Let noCX ToCIs.tpaid no
covering translation h I IT is thenof theform i function it X co p sco Ca a no

h I I 01am 010174cal is a bijection
pathconn 01 1 constant HomeopCIl Homeo F Ii V ex c Tix co J covering trans haCHomeopCI

s t hacio x Io
Rem h X X is a homeomorphism iff h is a Thefunction it Cxco HomeopCF Ca ha
covering projection with fibre F 13 is an isomorphism of groups

1hm11.8 Given a space I and a GEHomeock
define 2 on I I 2512 t gEG s.tn get
X It RIG quotient pix X
Suppose that foreach KEK I Open UER TEU
suchthat g UhU VGEG1913
Then p I X is a covering projection withfibreG
I path conn X path Conn and

HomeopCI G CHomeo K






