1.1 Connected Spaces

Dfn 1.1 (1) o topological space X is  connected it it cannot

be writven OS a disjoint  wnion of open subsets X =AUB.

(i) X s disconnected i€ X is not connected.
Rem:-X is connected <= the only clopen Subsets of X are ¢ and X.

Thm 1.3: R with Euclidean topology is connected.

Tom L4 $:X=2Y coninuous, X connecred, \wen £(X) connected.

Cor 5% (onnectedwess is a Yopolegical jnvariant-

Propro : A Connected, and ASBSA, +hen B is  Connected.
Cor 1:3: Every nonempty imerval J CR is Connecred.

Mo (X).

1.2 Poins and Path Components

Dfn 1.8: A path in a topological space X is a cont-
map I=CoNd->% . I&s nitial point is o(0) €X and

its ferminal point is all) €X

Ex 19 : XCR" is convex if Vxo,M€X, A
Cte,2d:z 1 (1-0n0 +tx, : 0ct1} € X B

Dfn Liw: X is path -connected i N %o, % €X, 13
a path o LI3X  with o(0) = Ko to A1) =Xy,

Thm L12% path - connecked = Connected.
Thm 14 ny2, RPFR
Thm Llb: any Cohnected ,open subset L SR" is Connected.

Thm A3 §: XY
1S PO¥h - connecied.

Cont., X podn - Connected. Then £(X)

Cor 113: Dorw - connectedness i @ Yopo\ogical inwariont.

Pop 11195 For any equivalene relation on o Ppoxw-
(onnecred space, ¥ * X/%  is dlso pasn tonnecked.
Dfn \.20: path -reiation: \x,y €X,

vy © 3 povtn o:L X s.k. (o) =k , k(D =y,

Dfn 1.2\: cConstant path: o :I3XK,  d:t %

Dfn 1.22: reverse of path: —o:L-%; &k all-t)

Dfn V.23 : Concatenation of paths: o,p: 1 2%,
With ol() = o) = X -

«(2%) 0cesh

O(QIB -I-i\‘) tH?F“—t“) Vo ¢ x e,

Pop 1-24: path relarion is an equivalence relation on X.

Den 1250 () path (omponents ot X are +he equivalence
classeS of the parh reldlion:

tx] = Tyey . y~x}
) gt of path Components : Te(X) == X/'v
The funcion X To(X), % 1 Tx] is surjective.
WARNING:  bijecion Ta() - We(V) H Xxey.
Rem: a cont- §: XY  jnduces a fundcion

.“* 2 Mo(X) “o(“,‘ ] » CE)].

covariant: (G oF)y = 9w ofy.

Ex 1.28: X po connected (& To(X) = Yevial.




2. Homotopy Theory

Dfn 2.1: Homotopy between maps £,9: XY is a map
h: XxI =Y suth ‘har
hx0) = FR). K2 0) = 9(x)
we soy then thav fand g are
hWef >9:x Y.

homotopic, denoted

Rem: wo Finite spaces with discete topology are
hom equiv ff they wave 4he same # of elements.

‘{\‘:: Space of waps X =Y

Rem = () N te1, 3 map he:X>Y; x5 h(xpt)
(D) ¥ xeX, 3 paym £(X) = a@)  hix=)(E) = h(xx),

Prop 2.3°  homosopy defines an equivalence relation on N

Constant homokopy : h:§ X 5: XY  (a,0) = £(x)

revese homokopy : W: §2g:X Y, +hen
“h:g2£: XY, (a4) » hlxn,1-¢)

W52 B XY, Wyt 5230 x oy,

Concatenaition :
fren heehytXxL =Y,

(L) > i‘ hi (2, 2¢) YETAN

ho (%, 2-) 'R ¢4 gy

Pop 2.4: £,9: XY, YCR" convex, then 29 via
We XxT Yy ) (x,8) B (V=) #(x) +tgx).

Den 224: () retraction oF X omo subspace NE X is
@ wap r: X2V st rly) =y N ye\.
N is called a retract of X.
(i) deformation retmdion of X onto ¥ i3 O wap
h:XxT =>¥% ¢.&.
h(x,0) €Y, wlx,VN=A NXeX,
Wy,0)=y V yeY.
\is caled o deformation reiract of X.

Dfn 2.b: %N are homotopy equivalens it 3 maps
£:X-2Y,9:42% and homoiopes
W: gf X1y X% k:8g 2 1y: VN

we say ¥ and g are /nverse homotopy equ ivatences

EXx 213: X 46, bivial topology T=16,XY.
Then any funcion Y -2X {5 continuous. Then

for %o €X, 1%} is a deformation retmck wvia

Ao k=0
hX%I 9% (x,t) B | o 0¢ k<

Dén 2.08: X € R" is Star-Shaped av x€X if VyeX,

Canlz TO-0 +ey ¢ o¢ter} ¢ R %
1S (ontained in X
Rem : convex if star-shaped at all poinks.
Pop 2200 X C ™ gtar-shaped av %e€X, rhen FxYCX s

Qa deformation celact \\@
WeXrIaX; (at) > wo +t(x-%)

Rem: ‘omotopy equivalerce of spaces is an equiv. relarion.
Din 2.3: X confmdible : = homoropy equivalent 4o @ point.

Rem: £,9:X-Y, Y contracvible & £ 20

Prop  2.11: Homeomorphic Spaces are homotopy equivalent-

Rem . compaciness is ignoced by homotopy equivatence
€9 non-compack D"/1ey * S*

Prop 2120 £:X =Y wom. equive induces bijection
$4: Mo () 2 W (W) 5 €] = THOO].

Rem: X path - connected, N not, +hen X F Y
€ 213: X = %0}, Y= 101} wivn discrere dopology.

Dfn 2.22: cone on X ¢
obtained from X*T ly collapsing X x1o} ta point:

is #he quotient space

X
Cx = ’I/(X‘i"}) = XXI/," , (2,0~ (y,0).
X = Xx¥% SCX is caled 4ne Cone base .
¢

£\

path: o:T > Cx ;% v [a,stl, o(0) = ¢, otC1) = Tx, ],

Pop 2.23: (\) Tc¢Y €CX is a deformation reract of CY,
ss CX 8 (ontradible.

() F:x =Y is hom €0 o constant map g: XY, Xy,
i 3 F:CxY sb Flxn) = £x), FOx0) = e .

Prop 2.25: @xend ~ on X % o rvelavion R on CX by

(%,9R(y,t) & (5)=(y,%) oc stz0 o s=t=\ and x1y
Twen X/R
and ¥ IS lhom equiv-

s a defum rebmck of ¥ = (CX\1})/R,
tw X/n-



3. Some Quotient Spaces of I'and 211
1% = 1T = F(aPeR l0<x¢l and 0cyerll

A1 = i(n,g}GWJ‘\ %=z0 of X=| or y=o oy}

I? | a1*

Ler x= oI,
Rem: P * CX -"Izj

(x4 s (v,w) = (1-2)(§.3) + vy
s a homeomorpwism P(C\ = (lu%.),

’5(&1-"):‘])‘: (‘xl\j)
3.0 The Figure ¢

one poiM  Unioa: for Ao €X, Yo €N, define

Xy := (xuy)/a

Ao YVYo.

g = s'ys'

' 4

(x,0) ~ (2
2 (o) ~ (WY

i1e
H
~

2

Coy) = Tyl € ia 24s

- 3:£-8
% Y ©

3.2 The Cylinder

1%/~ - 8 ; {("lﬂ] z Can) = € ia 2 s

(1\,\)
Cylinder T xs' = T,
(X,O) ~ (X.!) N
(2,9)

§

S' is deform. ret. of IxXS'

punctured Cylinder X 8

3.3. Mobius Band

M= 1A,

Conkains ciccle as def. ret.

('1,0) ~ (\'11\)

(-%,1)

(x,0)

s'o M y) P Tyl

(ontains © as def. rtt., OOM; 6= YL - M%),

punctured M > ¥.

3.4. The Torus

S'xs' - Iz/a\, , (%,0) A~ (=11) ,
(o9) ~LyL,y)
Y, 8
3.5 The kKlein Botte

K= 3/, ()G
(o) v (11-9)

€ deformarion efmct

3.6 Prjective Plane

RP* = T/ , (20 A (=)
(09} ~ (1,1-y)

(o,

(o9

(o9

)
9) 2 [SF))
T N
Cx,)0)
LD
re
\ \
,1-9)
(x,9)
-%0
Vi
N J
(-y)

(x,9)



4. Cuwing Ond Posting  Poths

Dfn uw.\. £,0:A>X maps, BSA o suwmeace s.t
L) = g(v) €X (beB)

Then o homotopy 7€/ B IS G homotopy h:f¥g:A X

Such +hat wbt) = £eo) = 9(k) ex

Idea: |wwotopy remains Constant on B.

EX 4.2 lhomotopy  vel 297 of xwo paths oo, iLX
with  4he same endpoiats: do(0) = 0li(0), Ko (1) =ah(1), is a
lletion of poths hy: I % (0£¢<)) with same endpoints.

he(® = co(0) zeti(0), (1) = ay(1) = oiz(1)

Gt- ho:oe, Mzdi, and §:IXT X, (sA)™ hels) is Cont-

Dfn w.3: concatenation of paths o A€(0,) . TaKe

HP:T A% st () =PlO) €X

«(+) 0¢S€n
oM. . -
o(n{;,:_—vxls s—:\\ aes <)

-2

o eaPl0) = al(0) , ot onP(A) = (V) =plo), aeaP ) = pUY

Prop  4.5:  cel 10,17 homotopy class of Aeap:TAX s
independent of A

Din 4.6 + Prp u.3: Can exiend Comcatenation 4o Rinitely
Many paths , how A IS Q parkition of I, Ond Concatenaied

Poth i independent of 2.

EX %3 d,p, ¥ Ta% a() =po), Bl =¥(o), 0¢A<ncl:

a(3) 0&S€2
Ao oY :L>Y; 5w p(;'_’;) AESE M
~ (=% Mese |
Rem: of+-o :sw | %(25) 0¢se In
-a(2s-1)  1<¢sen

: s r) dlzs) ve selp
d(2(s) Y2 ¢s¢)

So oe-o T 41 via Womotepy: o(0) = all) = %o

h: (s.t) w—a{o((-,g:c) 0¢s<
o (2k(s) Yo e54

W(si0) = o(0) =%
WDz o« -d




5. The Fundawmenta Gioup T(X)

Dfn 6.1 (W) A pased space (X, o) is a space w) a disting.
base point Ao €X

(W) A pased map p:(%%) = (¥,90) is a map §:Xx-V
Such  that (%o =Ye

G A based nomompy W:F9: (X2 = (Y90) is a
homotopy  w: ¥ 29:X Y  such ‘nat W(Hot) = Yo .
Prop 6.2.Based hWomot forms €quiv- rel en all vased waps

Dfn 5.3: based loop is bosed wap w:(s', ) = (X,%),
where \:= (1,00 €'

Equivalently. ..
Since T/jo~1} = S'; 4] » (cos(anb), sin(2ne)),
based \oop = closed pavh o: TX,  o(a) =adll) = Xo.
Al) = w(cos(2nt), sin(2nt)) od: T sy

Rem: o, p: T 5% are homotopic iff a(2),p(1) are in
e same pawn Compomnent of X.

Dfn 5.3: (X,%0) is simply - connected & X is path -
Connecred and T (X, 7e) =)
9. S' parh-connected by mov simply - Connected.

Conrrackible space is  simply - (onnected.
(9%)% = 9% ¥«
/

4
Prop 5.9 (1) map £:X @Y induces Covariant gmup howmo

Py MOx3) = W (Y, 860) 5 Lol = cel).

Dfn .10 (Y,%). F:XY is a homotopy equivarence

rel Txe} if 3 g: Y% 5.4 g(F(xa)) = Yo, @ homotopy rel 1%}
higf Xy "X 3% , h(ve,)= % and o homotopy rev TE(xe)}
K:fg 21y : ¥YaY, R(§),4)= £(xo).

Prop Sl 5o 3f2:X Y | then (B)a = (R
(i) £:X-3N a Whomo equiv rel so,'lo‘, then & an ise
With  inverse )™ = 0.

Dfn 5.4 :
point %o eX
Cx] of closed

Fundamental group T, (X,%0) o+ a vase
is e set of rel %03 homotopy classes
potns AT X sk a(6) =a()) = Yo

multiplication: ([o(], [p])\-—» Cad(pl:= Coep]
La1™ = C-N

identiry : (€xe] = Constant pave

inverses :

Thm 5:5: W,( %) is a group

Rem 5.6:

| RN st st RR" exst g
| %(nv,l) ?(m,z) st % M

m(x)|‘1\} 7[ ‘tll 712 7197[ 7L*Z 1

Rem: loops in R" ave Contractibie : W(sit) = (1-%)¥(s)

“\(\R‘P“) s genermed by square Yook \oop:
(cos2mt, sinamt) ¥ ([ CosTik, sinmt,0,0,...]

&>

(5" xs) gen by
A () and ye (LY)

Ex 5:12: def retrock X% gives © hom eauiv rel 2.

inclusion
2 ise iv = T( %) - mM(¥X,20),

L:2 93X hom. equiv- rel o N 0€2

Prop 513 (i) pawn ~Y:I X getermines an iso of Qroups.

Y 1 ( ‘A,v(o)) - (x,'v(\)) ; (d(-vea-Y)

with  inverse  (Y#) RN G o I
(“) Y depends only  on rel go,\} homotopy class ofF Y-
() ~v:veve, +en Yo 20 (Vs

Ex Sl4:
determines  Conjugation  Qutomorphism :
Vi : M%) = W (X,%); Calr C-veats¥] = (v]' (aILY],

closed parh Y:I% , ¥(0)=¥() = Ao €X,

Pop 515 G,F:X=Y , H: F =G : XN, %€X, define path
Y:1-Y, v H (%o, %)

frem (o) =F (%) to ¥(1) = G(*a) ) So We define an iso
g oW (N, Flxe)) = W (N, ()

Then  the induced  homomorphisms
B %10 = (1, Fd) | G+ T (X)) = T (Y, G,

are Sucth at Gy ° Yg Ty

-“\W\ 95.6" {'-.X%\l a hom. eqv'\v, Ynen
¥+ W (xi%e) — “|(‘1;¥("‘°ﬂ

IS an  isomorphism of groups  for any e €X.




6. Classiticavion of Compact Surfaces

Dfn 6.1 (1) a Hausdorff 4opological Space M is an
n-dimensional fopological manifold i v odmits a
Countable  open Cover i\h\xu, each U, T R*

() 20 wanifold s cated a surface.

Dfn G.3: a surface M is grieniable it ihere is no

subspace N € M which iS homeo 4 Mobius band.

orientable: R®, s*, sxs'
nonorientable :  Kiein bottle, rkrv")

Rem 6.5: (M,9M) surface with boundary : M\IM

s a surface  Ce.q. (D% S)).

Dfn ce* g7o €N. The sphere with g handles, H@Q),
6r the g-holed focus, is the orientable Surface

H(0) HY H(2)

b Nb C{ a
,\
o

DFn 6.8: g\, geN. The

Sphere  with g Cross-caps$
M(9) is the nonoientable surface Obtained by +aking
s' and punching out Q  (opies of D! and rep\ating
eadr hole with a (Copy of the Mobius band

Thm 6.9 ( Classificarion Twm & Compact Surfaces)

(1) Cvery (onnected , (ompact, orientable surface M
is homeomorphic 4o H(G) i some g20.

(2) Eveny (onnected , (ompack, nonorientable surface ™M
iS  homeomorphic 4o M(9) for some g\.

) Connecred, compact Surfaces M, M' are  homeomorphic

#f 3 a group isomorphism (™ ¥ ﬂ\(N'\.

3. Ms™) =11}, ny2

lem 3.2 : X compack meiri¢  space, Q{\h} on open Cover-
T™en 3 §>0, jhe Lebesque number of +he cover, s.t

N xeXx, B(%,8) lies entirely inside some single W.

Prop #:3 (1) €ueny wap &: [5e,5) = R is homokepic¢ rel
£50,5% ko O linear woae

(51-5)0i(Se) +(s -Se) ats:)
P2 05,50k S 5, So

With image P (Tse,51) = Callse), 2(5) JC R"

o
H:Tr1,
o(s1)

al(se) I (s,4) »(1-t)d(s) +&pls)

(i) w22, any pavh 0:1S™ is omotopic cel 1013 4o
a path  [:I2S™ Wwhich is ne onto.

Thm 34 T‘\(S“) = ?.‘} , N2,

Cor 6% n»3, W (R™eY) =y,



IMINE

3. W(sN= 1L Ex 8.5 dn:I>S' ¢ @

degree(ﬂu) =N
Gn: 1T SR, t O Nt

g =5 zec:izln}

onkipodal map:  W:S' o'z -2
iy ¢! ~ LI agt euri(hlz) degree () = |
P'DP -\, v N€7L, ‘e" WNZS S A T =R e he map d: s ) te

. . \
Winding #he circle Qround idse N times in the Onticlockwise QL R, t» tt+t 2
diredtion , with Wn( 1. Then 4ne Funcion
Pop 83 () v: 3P:lhe, 8] 2S" Giiven Bo For o,

L —=m(s") ; N+ Cwnl
3! homotopy W 01 ¢ - Cte, ] >R Such thav

; ; : : N 1 Q(sr0)
s @ homomorpnism of goups: Cwwl = Cwi) Nty €S Wk, o) = 8,
Rem: p:Ro S5 x v» ™% has +he NMlowing _ properties: with & :Cte,td SR s W(s,0)
: Ceo,t . R
@ YxeR, W:(xx+DER is such +hat P restiick to & homeo i 5""9(“)“‘ $0s)
i 8(s! WP ¢
pl : W = p(w ; weplu) Ongle maps for o, p: ols) = € , psr=¢ o

with  plw) = s'\ e
@ p is onro, with yzpm), 2 p(W = fxanlnent c® i) IF «(te) = Plee) |, a(t) =L (t) and Y:x2p is @

Womotopy rel Sto, b}, then ¥ is a Vomotopy rel % to, M.

Dfn 8.2:LiF+ of 0 map «:Cte,td =S is a wap O:Ctetd 2 R

Such Hhat @) = e"“;w‘) €s' o = PB:ltd> s'. Thm 232 T () > %, via group isomorphisras
L - Ws') , N - wy

With 8(te) 00 €R the jnitial angle and 6(L)=6 ER degree : M(S)=>7L | w > degree(w)

the fermnal angle.
Note: «,p: T 55" closed patns, 6 ,6 tneic angle waps,

A“gle e | /Y\\ 0(0) = ¢(0) 0. Then Kep-LT->S' has angle map
c : P

Commutotive diagram l‘ AMLAR, t - e(2t) 0ste;

Cto ki) T S 00\ +d(at-1) Y, ¢ kel

- Aiso, deg(a) = B(1), deg(p) = @(1), so 4har
Prop <3 - d:tko,kﬂ S5 ) 0o ER s.¢ d(tu)=ezm‘:+hen deg(u o’;) = deg(,() + deg(ﬁ)
3! angle map &:Cto.tJ R 4o o with initial angle
0(to)= B0 ER. Rem ®-\\:
(D two \oops are homotopic itf deglw) = deg(w').

Rem: angle maps are unique Up to initia\ angle. (i) it o \op w:s'as' exends % 0 wap Sw:D? >,
? possible initial Qngles differ by L. then  deg(w) =o.
Dfn %.4. (i) The degree of a closed parh a: IS Din 843: Twe winding humber around O, W(a)eZ,
is ¥he  difference  between tne rerminal and inirial of o Closed path

. o: T > \%oy (&) = alt)
angles in Ony Ongle wap § - I=Col] 2R £ o

degree (at) = G()) - 8(0) €7 1S defined to be +he degree of the loop

mit ok
w:s'=2s'y e e ool
using ol(0) = d(Y) +to ensure +his is an integer. ! Vo)l

brok s,  wla) = deg(w: ' >5') = 8Q) -6C0) pq

W degree of a toop w:s' 55" is Qny ongle map G :TL-R such tnat
degree (w) = degree(a) € 7L
. - mif(e)
With o the Closed path «:ISS, tw w(e?t). ae) = lx®le € C\%0).



9. RP"

Dfn Q.1 : RP": S™/~, vaw &
p: v+ OV, the nasural projection , p='(Tx)) = 1 x,-xY,

vz tw esh.

oy

Ex 43 : R®P? 'E/\ N (n,0) ~ (1=-%,1)
— (a19) ~ C1iV-Y)
77

Rem 9.2: RP' 2 s' = w(RP) =T (s'): 7.

Rew: RI" s (ompact and  Cownected.
Dfn 9.5: homogeneous coordinates: Lo ,.-.vXnt1] € RPY

projection : S" 5 RP" ; xe [

Dfn 9.6: The Square root foop: in RP"
T s'> RP"; 2= cos(ame) 4 isin(2mme)
¥ 13 = Ccos(2nt), sinC2me) ]

7’.1_ = i -‘I+‘.}.

Pop 93 : () nv%), the square root loop < :S' > RIP'
m(ReY) = W (s = L.
() Tne squave of 4he square wor CTTET (RP") is
[¢1®: Cqpl,
with p:S' = RIP' ihe pojection v [v1, and
g :RP' = RP"; [2,%0 » [%.%3,0,0,..., 0],

IS @ homeomorphism, So

the inclusion
(W) For nw2, L1tz ) and 3 group homomorphism
[63: 7, = W (RPY) ; -1 > [«],

Dfn 4-8: path- conmected UC RP" s small if p(WCS"

has Z poth -Compoments: U+, W- , and the veskickions
P+:p|~.u_»,-»u, _-.-p‘:u_-’U.

are homeomorphisms

Prop A\l o - Co,ti]) ""R“’“, 00 €S™ st d(to) =0(00).
Then 31 Lkt O :Ct, &0 > S™ for & with inwial peint
O(to) = Bo.

Thn A2 () Twe funcrion Sign :1r|(l\\(\’")—’7l.l;
Pl e Y Qo) = o)
-\ 8(o) = 8C-)

8 O surjeckive homowmorphism  with Sign (Ce]) = -}

(ii\ A=\, Ssign: w.(iRIP‘) =L 27,

\s G surjecion

. \
) NV + N odd
-1 N even

{l\\‘ '\717-, S‘Ig“: “\(‘R‘P“) —,71_-,_ '\s [0} 9'D“P '\50,
with inverse LSl 7L, 2 W (REY), > T]

Dfn 9.10: A /if4 of a map o :Ctosti] DRP" is a map

. n
6:Cto, 1] S such thav a(t) = p(8(t) eRP®

sh
pd
?
Cto ] —2— gp"

If o js closed, p@{o)= a(o) =al) = pOMNES , So we detine

sign(d) = ? AN YO X T())
-\ i‘ 9’(0) —.-8—(\)‘




10. Fixed Points and Non-retrackion

Dfn t0-1 O fixed point of a map f:X=% is a point
xeX guth thar £(x) = x.

Brouwer Fixed point Theorem : tvew wap 4:D*- D’
hos a fixed poiny, n\.

Dfn 10.3: { “A S X jnclusion OF ACX. The subspace
Ais o retract of X i I o map §: XA s-t Jel:AA
S ¥ve identity- The wmap j is o retraction of X onto A-

EY 0.4 S"'cpd"\ieYis a retracs.
) D" \iey o s
- - -

Prop 0:5: X path-connecred, (- A X inClusion o
path Connected subspace A CX.

() 18 A is a retme of X, j: X>A O rerraction, +hen
the induced  group homos

LT (A =W (0, g W) > (A

Ore such that )y tu TN TH(RY 1S 4he identity
2 iy injedive, Jv surjedive.
) ¥ WN+TT and TO=%1Y 4nen A not etact of X

Prop 10:3:1F 3 £:D">D" without fixed poinvs, Hnen
the inclusion 1:S"" > p™ adwits a rermdion.

Thm  10.3 ( non-reraction for nz=1,2)
(Y s® c D is no o retract
(M) $ c D*is not a rerac

Cor 109 ( BFPT,n=1,2)
Every moap f:D*->D? has a Ffixed point.

Pop - W A map £ S"->S" withour Fixed poinks
IS homoiopic to 4he Onkipodal map, 0 X =R

n n (1=t)§0%) -t
homotopy : SPxI ST, (W) P ey -t

Pop 1:3:01) & map £: 'S withow Fixed poiovs

has degree 1
) g map £:9' s with degree *! nas a Fixed pont-

Rem: antipodal map hos degree L.




Recal/...  discrete :

11. Covering Spaces

General idea: compure (% Xe) for @ path - Connected Space X
Using he universal Covering projection p: XX with X simply

~
commected  (path - conmected  Ond T,(X)=0),Such #hat each (%) € X

S a copy of W(Y,%) 0Os o discrete subspace.

Dfn 11.1: A Covering space
fibre  the distrete space F

of a space X With
§ o spoce X with O
Covering projection wap p: KX such that for each
X€EX ,3 an open UEC X, *eW, and a homeomorphism

¢: FrU - p-' (W)

Such #at  pd(am) T W €W S X. TIn porkiculor, For
each xeXx , p™(X) 1 homeomorphic 4o F-
Dfn 11.2: Given a covering  projection p'.')\('%x,

let Homeo p(¥) € Homeo (X) Consisving of homeos
n:X 2 X such ok phozp : X =X

e such +hat +he diagram (omwutes: X—’x

N

Such h are caled Covering ?Fransiations.

Dfn W4: A Coverig projection p: XX  with Hbre
Fis 4rivial i 3 a ‘homeomorphism d: Fxx -»';(
Such  that pdl(a,x) =2 €X

EX W-5: then p: X:=

F discrete, ExY = X (ax)m»x

1s &vivial, \with identity Frivializavion.

Ex Wel@d) W pis triviol and &1,¢2: FxX 2X are twe

kivializations, Yhen 3! T: X -> Homeo(F) such hai
¢7_(G,’1) < ¢|(¢(7~) (a)lx) €eEX

Git) ¥ p is wivial and ¢ isa iivializarion, a

Covering iransation w: X X is then of ¥ne Pom

h:X =% ; 6lam) = 6(s()0a),%)
X po¥h com = (X) constan, = “omeop()?'l=Homeo(F)

Rem: h:X =¥ isa
Covering  pwjeciion  with

homeomorphism  iff h is a

fibre F=i1l

Thm 11:3% Given o spoce %, ond & G < Homeo(X),

define * on X: % v & 1g€G st A = gAY,
Xiz X/w = X/Gn Quotient p: X-=x

Suppose that for each x.eX 3 open UeS¥,xeu,

Such Yot g(WOU = ¢ \Igee\\ili.

Then p: X=X is a Covering projection With fibre Go.
X path- conn = X path - conn, Ond

G C Homeo (X).

“DMQOP(;) <

euew subset is open-

Dfn 11.10. p:X =X 0 Covering projection. A [if4 of a map

f:Y2% s a mp F:YV-XK

suth  that
p(£(y)) = £(y)

So there is a (ommutative diagram : YLX

EX Wl: p: X :zFxxaX, §:VYX. le Q€ F, and

define ‘E, : ‘i-»§ TEXx, oy ( a, £(v)).

Y path comnected > €veny Lif+ of £ is of his Hype-

Tom 11.42: (Path lifting property) Let p: X > X be
Let o€X, FoeX s p(Re):Xa.
31 lify X:12X st d(o)= o
(il’) o,prLX, u{o)sp(o) %o, ) :POYEX | Then
every rel 201y

Covering projection, Fibre F-
(i) YowrTax, (o) =%,

homotepy h:d‘![hl-';{ \has a
unique lift ta rel 20,11 hemohpy

~

\,.*3(}."";'.1-»?(

ord in parkicular, o (1) : wiie) = fs(n) eX.

Dfn 11.13:p- Q"X, o: I 93X, the Fibre fransport bijection
0(# 3 P"'(q(o)) - P'I(d(l)) ) ";l'—) &,‘;(0,
where 3({'-14\(

Thm 1112  with

iS the wnique lif4 of

ag(o)=::;

o 9iven by

Pop 11.15: every (overing projection p: X 2 X of @&

Simply - Connected space iS trivial.

Dfn W13 : p: X 2%, X poth-tonn , 1S universal i X

1S Simply - conn.

Thm 1.19: X path -Conn, locally path - Conn  space
with Universal p: X = X. Let #e€X, Wo€X 54 plFo)= Xo.
) punction W, (Xy%e) = p(%e); () - o0 (2)

s a bijection

(i) ¥ cod e mix,xe), 3! Covering +rams ha € Hm°p(i)
st ho(®a) = o (%)

The Function T (X)%) - Homeop(X); [ad & ha

IS an isomorphism of Qroups-










